Superconformal field theories from crystal lattices 
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We propose a brane configuration for the (2+l)d, M = 2 superconformal theories (CFT3) arising 
from M2-branes probing toric Calabi-Yau 4-fold cones, using a T-duality transformation of M-theory. 
We obtain intersections of M5-branes on a three-torus which form a 3d bipartite crystal lattice in a 
way similar to the 2d dimer models for CFT4. The fundamental fields of the CFT3 are M2-brane 
discs localized around the intersections, and the super-potential terms are identified with the atoms 
of the crystal. The model correctly reproduces the complete BPS spectrum of mesons and baryons. 
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Extending the AdS/CFT correspondence |lj to theo- 
ries with less than maximal supersymmetry has been an 
important subject from early years d H For four 
dimensional theories (CFT4), remarkable progress has 
been made recently. The discovery of new AdS solu- 
tions [1 Q was accompanied by identification of the cor- 
responding quiver gauge theories HH El EH It was soon 
realized that theories arising from D3-branes probing a 
toric Calabi-Yau 3- fold (CY3) singularities share common 
simplifying features. All essential properties of the CFT4 
are encoded in a certain periodic bipartite graph in two 
dimensions El El El El El d often called a dimer 
model. The algorithm to go from a given toric CY to a 
dim er g raph and vice versa has been firmly established 
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Much less is known about three-dimensional theories 
arising from M2-branes near CY4 singularities. There 
is no qualitative difference on the geometry side; toric 
descriptions are known 7] for the new supergravity so- 
lutions E3 an d many results in toric geometry are in- 
sensitive to the dimension of the CY |lg|. In contrast, 
conventional field theoretic tools are of little use because 
the CFT3 is necessarily strongly coupled. Even the sim- 
plest case of M2-branes in flat space remains elusive. 

In this paper, we build upon the intuition from the 
2d dimer model for CFT4 to show that each toric CFT3 
can be related to a 3d crystal lattice. The construction 
uses T-duality of M-theory on a three-torus just as a T- 
duality of IIB string theory is used to derive the dimer 
model 0| . Our model maps the CFT3 to the world- 
volume theory of M5-branes intersecting along the bonds 
of the crystal lattice. Although the M5-brane theory is 
as poorly understood as the CFT3 itself, we will be able 
to use our model to make some quantitative statements. 

First, we show that the fundamental excitations of the 
CFT3 are M2-brane discs localized around M5-brane in- 
tersections. Second, we show how to evaluate various 
global charges of the baryons and mesons and explain 
how they are related. Finally, we identify the super- 
potential terms which yield the F-term conditions. Wc 
use them to construct the spectrum of BPS mesons, 
which agrees perfectly with the corresponding result from 



the geometry. 

We begin with a stack of N M2-branes near the tip 
of a CY4 cone X. In the near horizon limit, the R 1,2 
world- volume directions of the M2-branes and the radial 
direction of X merge to form an AdS4 and the base (unit 
radius section) of X becomes the internal 7-manifold Y . 
We say X is the cone over Y, or X — C(Y). The cone 
X being Kahler and Ricci-flat is equivalent to the base 
Y being Sasakian and Einstein, respectively. 

Our construction assumes that X is toric, so we first 
recall some relevant aspects of toric geometry 18] . The 
toric diagram is a convex polyhedron composed of a set 
of lattice points {v\} G Z 4 (I = 1, • ■ ■ , d > 4). The 
CY condition requires that the vj be on the same Z 3 
subspace. It is customary to choose a basis to set vj = 1 
for all I. 

The toric diagram defines a solid cone A = {y^ G 
R 4 ; (uj ■ y) > for all I}. We call the boundary com- 
ponents S 1 = A n {vj ■ y = 0} the 3-fans. Two 3-fans 
meet at a 2-fan and several 2-fans join at a 1-fan. These 
fans are graph dual to the original toric diagram in the 
sense that each vertex vi is associated to a 3-fan, each 
edge connecting two neighboring vertices, wu = vi — Vj, 
corresponds to a 2-fan, etc. The cone X is a T 4 fibration 
over A. The fiber is aligned with the base in such a way 
that it shrinks to T n on the n-fans. 




FIG. 1: A toric diagram (solid line) is a convex polyhedron 
with integer- valued vertices in K 3 . Its graph dual (dashed 
line) gives the fan diagram. 

The moduli space of Kahler metrics on X is parameter- 
ized by the Reeb vector b % G R 4 , which defines the base 
of the cone by Y = X n {6 • y = 1/2}. In the basis men- 
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tioned above, the CY condition fixes b 4 — 4. The volume 
of Y as an explicit function of vj and b is known. The 
Ricci-flat metric is obtained by minimizing the volume 
with respect to b l with the range of b l /4 being precisely 
the toric diagram. 

For later purposes, we recall that a baryon in the CFT3 
is mapped via AdS/CFT to an M5-brane wrapping a su- 
persymmetric 5-cycle of Y ^3 • Each 3-fan S 1 dual to a 
vertex vj defines a 5-cycle which is the T 3 fibration over 
S 1 n {b ■ y — 1/2}. We abuse the notation a bit and use 
S 1 to denote either the 3-fan or the 5-cycle depending on 
the context. The baryons are charged under the global 
symmetries of the theory. The four U(l) isometries Fi of 
X are called flavor symmetries and there are also d — 4 
baryonic symmetries Q a , where d is the number of ver- 
tices of the toric diagram. The charges of the the baryons 
Fi[S T ] = NF* , QaiS 1 } = AQjsatisfy the toric relations 
v}Fj = 5) and v\Q{ = 20]. The U{1) R charge is 
the linear combination of the flavor charges R — \b l F i: 
where b % is the Reeb vector. The toric relations and the 
CY condition (b 4 = 4) implies that R 1 = 2. 

Our crystal model follows from a T-duality of M- 
theory. It was inspired by a similar derivation of the 
2d dimer model using T-duality of IIB string theory ^lj • 
We take the T-duality transformation along T 3 C T 4 
aligned with the 2/1,2,3 coordinates. By T-duality, we 
mean the element t in the SL(2,Z) x SX(3,Z) duality 
group which acts as t : t = C( 3 ) + i^gr 3 — * — 1/ T - The 
stack of N M2-branes turns into a stack of N M5-branes 
wrapping the dual T 3 . We call them the T-branes. The 
degenerating circle fibers turn into another M5-brane ex- 
tended along the (2+l)d world-volume and a non-trivial 
3-manifold E in JR 3 x T 3 . We call it the E-brane. The 
result is summarized in Table I. 
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TABLE I: The brane configuration for the CFT 3 . The special 
Lagrangian 3-manifold E is locally a product of a surface in 
R 3 (345) and a curve in T 3 (678). 

The duality chain shows that E is locally a product 
of a surface in M 3 and a curve in T 3 . The geometry of 
E can be read off from the toric data. In particular, 
the projection of E onto R 3 is a thickened version of 
the collection of the 2-fans. This is similar to the so 
called amoeba projection used to analyze the 2d dimer 
model. Note that a 2-fan dual to an edge Wu — (p, q, r) 
is locally a plane orthogonal to wjj in K 3 . Away from the 
intersections with other 2-fans, E is locally the product 
of this plane and the (p,q,r) 1-cycle in the T 3 . The 
correlation of the orientation ensures that E is locally 
special Lagrangian, i.e., it is calibrated by Im0, where 



is the holomorphic three- form = (dx 3 + idx 6 ) A (dx 4 + 
idx 7 ) A (dx 5 + idx 8 ), and the pull-back of the Kahler form 
onto E vanishes. This is in accordance with the Af = 2 
supersymmetry on the (2+l)d world- volume. 

In analogy with the D5/NS5-brane description of the 
dimer model, we expect that the content of the CFT3 
should be encoded in the intersection locus between the 
T-branes and the E-brane projected onto the T 3 . The 
result is a graph in the T 3 which we call the crystal lat- 
tice. As in the 2d dimer model, the graph consists of 
edges and vertices which we call bonds and atoms to dis- 
tinguish them from similar objects in the toric diagram. 

To obtain a bond, we need a collection of 2-fans to 
form a closed region in M 3 containing one or more vertex 
V]. When the (p, q, r)-cycles of the T 3 associated to the 
2-fans join along a line segment, a bond is formed. Note 
that while the 2d dimer model allows only a pair of 1- 
cycles to merge and form an edge, in our crystal model 
three or more 1-cycles can merge along a bond. 




FIG. 2: A partition of the toric diagram. 

To see how several bonds meet at an atom, consider 
a partition of the toric diagram (Figure 2). Each closed 
region gives a bond as explained above. The bonds can 
meet at an atom only if the regions add up to cover the 
entire toric diagram |2l| . 

Figures 3 and 4 illustrates the rules with the two sim- 
plest examples, namely, C 4 and the cone over the homo- 
geneous space Q(l,l,l). The latter example has been 
studied in the AdS/CFT context in Refs. |H |H 
I25I Eif . Note that the crystal lattice inherits the dis- 
crete symmetry of the toric diagram. The tetrahcdral 
symmetry of C 4 is reflected in its lattice which has the 
familiar zincblende (GaAs) structure. The C(Q(1,1, 1)) 
cone and its lattice which has the NaCl structure share 
the octahedral symmetry. More examples and details of 
the general algorithm to determine the crystal structure 
will be reported in Ref. [2l| . 

We now proceed to study the physical properties of 
the CFT3 using our crystal model. First of all, we have 
to figure out what the the fundamental excitations are 
and where in the crystal they live. Recall that we have a 
known description of the baryons on the geometry side. 
Our strategy is to bring the baryon to the crystal pic- 
ture and try to deform it smoothly into a collection of 
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FIG. 3: The crystal for C 4 has the zincblende structure. 




FIG. 4: The crystal for C(Q(1, 1, 1)) has the NaCl structure. 

fundamentals, thereby identifying the latter. A similar 
process in the 2d dimer model was discussed in Ref. [2lJ . 

The T-duality transformation turns the baryon M5- 
branes in the original picture into M2-branes. Since the 
projection of the S-brane onto R 3 realizes the toric fans, 
the baryon M2-brane corresponding to a 3-fan must have 
a boundary on the 2-fan walls surrounding it. Topologi- 
cally, the M2-baryon is a disc. We can shrink the baryon 
until we approach the intersection between the T-branes 
and the S brane. The intersection is a bond in the crys- 
tal formed by the 1-cycles paired with the 2-fans. The 
boundary of the M2-baryon is now a small circle on the 
£ brane localized around the intersection. We now show 
that the baryon can be smoothly deformed into a collec- 
tion of N M2-branes with its boundary on the T-branes 
localized around the intersection. 

Consider a supersymmetric configuration of two M5- 
branes intersecting along a (3+l)-dimcnsional space. 
Keeping the mutually transverse directions only, the in- 
tersection can be described locally by a holomorphic 
equation zw — with (z,w) G C 2 . Suppose we have 
an M2-brane disc with boundary along a circle around 
the origin in the z-plane. Infinitesimal deformation of 
the intersection into zw = e shows that the circle on the 
z-plane can be smoothly deformed into another circle on 
the w-plane. The argument is easily generalized to multi- 
ple branes. An M5-brane on the z-plane intersecting with 
N M5-branes on the iw-plane is described by z N w = 0. 
The same argument as above shows that an M2-disc on 
the z-plane now turns into a stack of N M2-discs on the 
w-plane. Thus we find that the fundamental excitations 
of the CFT3 are the M2-discs whose boundary encircles 
the bonds of the crystal lattice. This fundamental M2- 



disc is the analog of the bi-fundamental field localized 
around the D5/NS5 intersection in the 2d dimer model. 

The fundamental M2-discs explain why it is difficult, if 
not impossible, to write down a field theory Lagrangian 
for the CFT 3 (See Refs. |H |H Q for previous at- 
tempts). Our model suggests that in order to write 
write down the field theory, we first have to understand 
the quantum theory of M2-discs on the M5-brane world- 
volume. The CFT3 is not likely to be an ordinary any 
gauge theory. Recall that each face of the 2d dimer graph 
gives an SU(N) gauge group in the quiver gauge theory, 
and the matter fields are bi-fundamentals connecting ad- 
jacent gauge groups. In contrast, all non-localized M2- 
discs in our crystal model are equivalent, and it is not 
clear whether they represent gauge fields. 

The transition from a baryon to fundamentals also 
gives an easy way to find the global charges of the funda- 
mentals, as the fundamentals simply inherit the charges 
of the baryons. If a fundamental M2-disc originates from 
a region of a partition shown in Figure 2, its global 
charges are 1/N times the sums of charges (F? , Q^) of 
the 3-fans S 1 inside the region. 

The M2 discs localized along the bonds meeting at an 
atom can form a spherical membrane. In analogy with 
the 2d dimer model, we identify it as a super-potential 
term of the CFT3. On general grounds, we expect that 
the super-potential terms have i?-charge two and van- 
ishing flavor charges. It is indeed true because (i) every 
atom corresponds to a partition covering the entire toric 
diagram (ii) the sum of charges over all 3-fans is cither 
two (i?-charge) or zero (flavor charges) due to the toric 
relations. When two atoms are connected by a bond, the 
M2-disc contribute to the two super-potential terms with 
opposite orientation. If we paint the atoms according to 
the orientation, then only atoms with opposite colors can 
be connected. In other words, the crystal is bipartite. 

The super-potential terms yield the F-term equivalence 
relations among the elements of the chiral ring. As in the 
2d dimer models, the relations implies that the sum of 
terms corresponding to any two connected vertices are 
F-term equivalent to zero. 

Chiral mesons in CFT3 correspond to algebraic (holo- 
morphic polynomial) functions on the CY4 cone X. They 
are labeled by integer points m = (mi, m2, Jn.3, 7714) in the 
solid cone A, which are the momentum quantum num- 
bers along the T 4 fiber of A. It follows immediately that 
the flavor charges of a meson m are Fj (m) = rru. The 
i?-charge of the meson is then given by |28l l2tA |3Cj 

R(m) = ±b i F i (m) = ±(m-b). (1) 

Under the T-duality transformation, the mesons are 
transformed into closed M2-branes. The first three com- 
ponents of m define the homology 2-cycle of the M2- 
meson along the T 3 . It is instructive to confirm this 
fact in the crystal model. When an M2-meson wraps 
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a 2-cycle, its charge can be computed from its inter- 
sections with the bonds in the crystal, as the meson is 
a bound state of the fundamental M2-discs. Since the 
bonds are made of (p, q, r)-cycles corresponding to the 
edges wjj of the toric diagram, we may equally well com- 
pute the charges from the intersection of the meson with 
the (p, q, r)-cycles. Following Ref. [3l]], we use the fact 
that J2i F i = (i ^ 4 ) t0 assi S n variables F{ J = -F/ 1 
to the edges wu, such that F* — J2.jFi J i where the 
sum runs over the neighboring vertices. Then we find 
that the charge of the M2-meson is indeed given by 
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Fi(m) = ^(m-w^j)^ J = ■ (v T - Vj)F? 

(I J) {U) 

= ■ vi)F- = rrii. 
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(2) 



The last component of m, contributing to the R- 
charge, measures how many times the M2-meson wraps 
a super-potential term. The F-term condition discussed 
above guarantees that all the M2-meson with the same 
value of m are F-term equivalent, regardless of the precise 
way they wrap the 2-cycle. So there is a unique meson 
for each value of m. This perfectly matches the known 
results on the BP S sp ectrum of chiral mesons from the 
geometry side jH HI H3, H3 . 

Some remarks are in order. Both for the 2d dimer and 
3d crystal models, the derivation based on T-duality con- 
nect objects on the geometry side such as baryons and 
mesons with their counterparts on the CFT in a smooth 
manner. It realizes in a concrete way the common lore 
that the AdS/CFT correspondence is a open/closed du- 
ality. We also note that the derivation of the /3-deformed 
geometry of the toric CY cones discussed in Ref. [33| tac- 
itly assumed a model for CFT3 of the type we presented 
here. 

There are several issues that deserve further investi- 
gation. It is well-known that the 2d dimer model for 
a given CY3 is not unique and different models are re- 
lated by Seiberg duality. It would be interesting to see 
whether similar phenomena occurs in the crystal model. 
The analysis in this paper was restricted to the topologi- 
cal aspects of the model. It would be important to extend 
it to include dynamical issues such as non-BPS meson 
spectrum, moduli space of vacua, marg inal deformations 
other than the /3-deformation |25l 1261 l33j. and volume 
minimization |l8| and r^-minimization |34j. Finally, it 
would be interesting to look for a brane configuration for 
the TV = 3 CFT 3 [HEll^. 

We thank Surjay Lee, Jaemo Park and Soo-Jong Rey 
for useful discussions and comments on the manuscript. 
We are especially grateful to Amihay Hanany for a series 
of lectures at the APCTP/CQueST/KIAS Winter School 
on String Theory in February 2006. This work was sup- 
ported by the Faculty Grant of Seoul National Univer- 
sity and the KOSEF Basic Research Program, grant No. 



[9 
[10 

[11 
[12 

[13 

[14 
[15 

[16 

[17; 

[is: 

[19 

[20 
[21 
[22 
[23 
[24 

[25 
[26 

[27 
[28 
[29 

[30 

[31 
[32 

[3:5 
[34 

[35] 



J. M. Maldacena, Adv. Theor. Math. Phys. 2, 231(1998) 

[Int. J. Theor. Phys. 38, 1113 (1999)]. 

I. R. Klebanov and E. Witten, Nucl. Phys. B 536, 199 

(1998). 

B. S. Acharya, J. M. Figueroa-O'Farrill, C. M. Hull and 
B. J. Spence, Adv. Theor. Math. Phys. 2, 1249 (1999) . 
D. R. Morrison and M. R. Plesser, Adv. Theor. Math. 
Phys. 3, 1 (1999) . 

J. P. Gauntlett, D. Martelli, J. Sparks and D. Waldram, 
Adv. Theor. Math. Phys. 8, 711 (2004). 
M. Cvetic, H. Lu, D. N. Page and C. N. Pope, Phys. Rev. 
Lett. 95, 071101 (2005). 

D. Martelli and J. Sparks, Commun. Math. Phys. 262, 
51 (2006). 

S. Benvenuti, S. Franco, A. Hanany, D. Martelli and J. 
Sparks, JHEP 0506, 064 (2005). 

S. Benvenuti and M. Kruczenski, JHEP 0604 033 (2006). 
A. Butti, D. Forcella and A. Zaffaroni, JHEP 0509, 018 

(2005). 

A. Hanany and K.D. Kennaway, arXiv:hep-th/0503149 
S. Franco, A. Hanany, K. D. Kennaway, D. Vegh and B. 
Wecht, JHEP 0601 (2006) 096. 

S. Franco, A. Hanany, D. Martelli, J. Sparks, D. Vegh 
and B. Wecht, JHEP 0601, 128 (2006) 

A. Hanany and D. Vegh, |arXiv:hep-th/0511063| 

B. Feng, Y. H. He, K. D. Kennaway and C. Vafa, 
|arXiv:hep-th/0511287| 

F. Canoura, J. D. Edelstein, L. A. Pando Zayas, A. V. 
Ramallo and D. Vaman, JHEP 0603, 101 (2006). 
J. P. Gauntlett, D. Martelli, J. F. Sparks and D. Wal- 
dram, Adv. Theor. Math. Phys. 8, 987 (2006). 
D. Martelli, J. Sparks and S. T. Yau, Commun. Math. 
Phys. 268, 39 (2006). 

D. Berenstein, C. P. Herzog and I. R. Klebanov, JHEP 
0206, 047 (2002). 

S. Lee and S.-J. Rey, JHEP 0603, 068 (2006). 

S. Lee and S. Lee, to appear. 

K. Oh and R. Tatar, JHEP 9902, 025 (1999). 

C. Ahn, Phys. Lett. B 466, 171 (1999). 

D. Fabbri, P. Fre, L. Gualtieri, C. Reina, A. Tomasiello, 
A. Zaffaroni, A. Zampa, Nucl. Phys B 577, 547 (2000). 

C. Ahn and J.F. Vazquez-Poritz, JHEP 0507, 032 (2005). 
J. P. Gauntlett, S. Lee, T. Mateos and D. Waldram, 
JHEP 0508, 030 (2005); 

Y. Imamura, arXiv:hep-th/0609163] 

D. Martelli, J. Sparks, S. T. Yau, arXiv:hep-th/0603021 
J. P. Gauntlett, D. Martelli, J. Sparks and S. T. Yau, 
arXiv:hep-th /0607080 
A. Butti, D. F orcella and A. 
arXiv:hcp-th/0607147 

A. Butti, |arXiv :hep-th/0603253 

S. Benvenuti, B. Feng, A. Hanany and Y. H. He, 
arXiv:hep-th /0608050 

O. Lunin and J. M. Maldacena, JHEP 0505, 

E. Barnes, E. Gorbatov, K. Intriligator, M. 
J. Wright, Nucl. Phys. B 730, 210 (2005). 

M. Billo, D. Fabbri, P. Fre, P. Merlatti and A. Zaffaroni, 
Class. Quant. Grav. 18, 1269 (2001). 



Zaffaroni, 



033 (2005). 
Sudano and 



5 

[36] K. M. Lee and H. U. Yee, |arXiv:hep-tn/0605214] 



